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decrease in the above described problems connected to implementation of ICT into mathematics 
education.     

 
Integration of computers into teaching should always be governed by the principle of its 

efficiency. It is appropriate to use computers only in such situations in which it really brings benefit 
– opens new possibilities or significantly decreases the amount of time needed for technical 
calculations. The aim of this paper is to demonstrate the potential of both of these ways of use of 
ICT on two concrete problems. Both problems were designed for pre-service mathematics teacher 
training as well as for work with 12-19 year old students.  

 
The first problem shows the demonstrational potential of ICT and intuitive approach to 

numerical solutions. It was developed within the frame of EdUmatic project. Despite the fact that 
the solution of the problem requires a thorough knowledge of integral calculus, it is within the 
frame of this project presented to 12-15 year old students. The problem also functions as a tool for 
introducing students and pre-service teachers to modeling (confer [1]) of real situations using 
numerical models. 

 
The second problem demonstrates the use of the considerable computational power of CAS 

when looking for the deviation of an erroneous solution of a problem from the correct result.   
 
 
2 Problem 1 
 

The first problem is an example of a cascade of problems of increasing difficulty which can 
be solved as a project in several lessons. 

 
Motivation to the first task is the solution of the classical problem of the type bullet-target. 

The problem is assigned to secondary school students in different modifications. The students’ task 
is to simulate an optimum path of the bullet under a set of given conditions – the initial point, speed 
of the bullet and the speed and trajectory of the target.  

 
The difficulty of the tasks increases. To begin with, the students are assigned problems that 

can be solved using mathematics taught at secondary school. However, this is certainly no limit to 
the potential of this problem – activities carried out in this problem can be naturally stretched to 
university mathematics, which will be demonstrated in this paper. 

 
The main activity consists in the choice of the trajectory of the running and the following 

calculation of the bullet trace approximation. The main aim of the activity for the students is to 
learn about graphs of various (first of all trigonometric) functions in an indirect way (e.g. they want 
the target to zigzag or run around).  

 
The activity in its basic design has a preparatory stage.  It consists of solving Problems 1 to 3, 

each solution followed by a discussion. Extensions 1 and 2 represent activities that give the activity 
a more general significance – they model situations from various domains of life and science. 
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Problem 1: There are two runners running one after the other at different speeds. 

 
Problem 2: The first runner runs past the second runner in the distance s at the speed v1; 

where should the second runner be heading if he is running at the speed v2 and wants to 
catch the first runner? This may be interpreted as the chase of a flying target. 

 
Desperado wants to raid a stagecoach, travelling speed 30 km per hour, which it passes 
at a distance of 40 km. When he assaults if he can ride at 50 km per hour? 

 
Problem 3: The first runner overtakes the second one at the speed v on a circle of the radius 

r. Where should the first runner be hitting?  

 

The activity requires the following mathematical knowledge: linear functions, Theorem of 
Pythagoras, circumference, length of a circular arch. The use of ICT is not required for this stage. In 
case of the necessity to solve a quadratic equation, it is possible to use a computer/calculator or 
spreadsheets. Students work with concrete numbers.  

 
The activity itself can be introduced by the following questions posed by the teacher: What 

happens with the trajectories it the target changes the direction? How should the runner/bullet 
behave, under which conditions can it/he hit/catch the target? Where should the runner/bullet 
direct? 
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Subsequently, the students are assigned more complicated tasks that cannot be solved 
outright. These problems demand that the bullet continuously directs at the target and the solution is 
constructed numerically. In given intervals, the bullet redirects on the target and modifies its path. 
The solution is modeled with the help of various tools – MS Excel, Geogebra, TI Nspire. In our 
experiments, the students most often used MS EXCEL ([8]). The students’ task is not only to model 
the bullet path, but also to model the requested trajectories of the target with the help of known 
mathematical formulas.  

 
 

Extension 1: What about the situation when the target moves on a sine curve?   

In more complicated cases, the paper-and-pencil calculations of the curve become more and 
more complex. The necessity to use ICT arises naturally from the development of the activity. 
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Let us illustrate the development of derivation of the formula for programming the bullet’s path: 

Step 1: From the origin ([0, 0]) to e.g. the point [3, 1] at the speed 1. Where will the runner 
be after the first step (the interval of the length 1)? 

Step 2: Change the origin to another point (translation) 

Step 3: From a general point to a general point. 

Using the formula, the students themselves create a model of the situation in the selected 
program. They assign the target a position and the program calculates the positions of the bullet. 
The data are stored in a table with 4 columns (two for the position of the bullet, two for the target). 
At the beginning, both positions are entered manually; later students program the change of the 
position of the target and the program calculates the position of the bullet. Students propose various 
paths for the target and represent them by a function (e.g. a piecewise linear function, absolute 
value, trigonometric functions with various parameters); they observe the changes in the path of the 
bullet. They look for the changes of parameters for e.g. making the graph of the target “higher”, 
“denser” etc.   

 
There are various extensions of this activity. Let us mention some examples of suitable 

questions: 
 

The bullet moves at a constant speed.  

 What is the speed of the target?  
 Is it also constant?  
 Is it possible to calculate it?  
 When is the speed lowest/highest?  
 What are the changes in acceleration when the speed changes? 
Students may observe/analyze the differences between the cases of constant speed and 

varying speed, the influence of the slope of the function, the relationship between the tangent and 
the instantaneous speed etc. The meaning of a point of inflexion as the transition between speeding-
up and slowing-down becomes evident.  

 
If we look at the three levels of “media competence” in solving problems with the use of 

ICT, i.e. knowing how to handle it, how to use it to solve a certain problem, and being able to 
choose and modify the tool according to the given problem, all three are present in the introduced 
activity. It does not mean that all students have to go through all its stages. It depends on the level 
of their competences both in mathematics and use of ICT that the teacher wants to develop in 
his/her students.  
 
 
3 Problem 2 
 

Motivation to the second problem is the following classical problem about a watering can: 
We have a weekend house in point D close to a river bank represented by the line segment AB and a 
greenhouse in point C. ABCD is a square. The task is to take an empty watering can from the 
weekend house, fill it in the river and carry it to the greenhouse. The price for carrying an empty 
watering can from point D to point Q is 1 CZK/m, the price for carrying a full watering can from 
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point Q to point C is c CZK/m. In which point Q on the river bank shall we fill the watering can if 
we want the price y for transport of water into the greenhouse to be minimum?  

 
 

3.1 Solution using the program Mathematica 
 

Šišma in his paper [9] proposes the following solving procedure: 

The total price equals 2 21 1 (1 )y x c x     . The sought minimum is the solution of the 

equation
2 2

(1 )

1 1 (1 )
' 0c xx

x x
y  

  
   . 

 
The last equality may be adjusted to an algebraic quartic equation. Here the author of the 

original article states that the solution of the equation in dependence on the parameter is extremely 
difficult and therefore we must be satisfied with approximate calculations of roots for different 
values of the parameter c. 

 
Let us now study how difficult the solution of this problem is if we use also modern 

computer technologies in addition to classical methods. However, before we proceed to an exact 
solution, let us try to find an approximate solution. The main obstacle complicating the solution are 
the roots used for the calculation of the total price. When differentiated they get under another 
radical and make the problem extremely complicated. The solution that we get cannot be but 
erroneous. The question is how significant a mistake this erroneous adjustment causes. Instead of 
making calculation for the function y, we must look for minimum for 2 21 (1 (1 ) )y x c x     . In 
that case we get a linear equation 2 2 (1 ) 0y x c x    .instead of a quartic equation to be 

differentiated. The solution to this linear equation is trivial. It is 1
c
cx  . 

 
Now it is important to find how large a mistake there is in the gained solution. To answer 

this question it is inevitable to use computer technologies. In this case the program Mathematica 
version 7.0.0. First we define the functions reseni (solution) and odhad (estimation) that in 
dependence on parameter c produce exact and approximate solutions of the problem: 

 

The program finds all complex roots from which we select the third root, which takes real 
values for the values  1,c  . The evaluation of the root in dependence on the parameter c is quite 

difficult (see following figure). The complexness of the solution suggests that it is virtually 
impossible to carry the corresponding “paper-and-pencil” calculation and use of computer 
technology is inevitable. CAS systems have no difficulties working with these types of expressions. 
It is no problem to carry out the following calculations. 
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Let us now find out how significant the mistake stemming from the use of the solution 

1
c
cx   is. We first construct a graph showing the difference between the approximate and exact 

solution in dependence on the parameter c: 

 

This graph clearly shows that the maximum difference is in the neighborhood of number 3. 
Using the command  

 

   
 
we get a more exact information that it is the case of the value of the parameter c approximately 
3.03277. The difference for this parameter c is about 0.038987, i.e. less than four percent of the 
length of side AB. 
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However, this value is not an answer to the original question how different the price for 
transport of water is. If we want to state this difference in prices, both prices must be substituted 

into the original formula 2 21 1 (1 )y x c x     . For these ends we define two new functions 

that calculate (again in dependence on the parameter c) the minimum price and the price from 
approximate solution: 

 

 
 

The relation of the difference of prices is again expressed as a graph in dependence on the 
parameter c.  

 
 
With the help of the program Mathematica we find the values of parameter c, for which the 

difference of prices for a unit square is maximum and we evaluate the maximum value: 
 

 
 

The maximum difference of prices is 0.003 CZK and this is the case for the value of 
parameter c = 5.28419. 

 
To finish this work we find out what percentage deviation in price we get if we leave out the 

roots in the original equation. The results can be again shown in a graph.   
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This graph clearly shows that the difference in prices does not exceed six per mille of the 
total price. Therefore the approximation is very exact.  

 
The result may be elaborated by a concluding calculation in which we use the function 

CenyProc defined in the previous step: 
 

 
 
 
4 Conclusion 

 
The paper demonstrates the potential of the use of Computer Algebra Systems for solution 

of problems from calculus, which go beyond the abilities of most students. The use of programs 
such as Mathematica or Geogebra makes it possible to find a solution in the situation when pupils 
or students are not able to find an exact solution on their own, or when finding such a solution is 
technically extremely demanding.  

 
The presented activities are aimed at improving the motivation, engagement and 

achievement of students of mathematics through rich mathematical tasks that use the best of the 
available technology in creative and innovative ways. It should result in extending students’ depth 
and level of mathematics achievement which will have a positive effect on their personal 
development. 
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MATRICES IN SIMPLE ECONOMIC TASKS

ULRYCHOVÁ Eva, (CZ)

Abstract. Several simple economic applications of matrices that are convenient as an
illustration of use of linear algebra tools (eigenvector, Markov chains, systems of linear
equations, least squares approximation) in math courses or textbooks are provided.

Key words and phrases. matrices, economic applications, least squares approximation.

Mathematics Subject Classification. Primary 97H60; Secondary 97D40.

1 Introduction

Math teachers often have to face questions asked by their students: ”What do I need this for?”
This is not the only reason why some simple applications of mathematical terms are convenient
to show in mathematical courses. However, not only the lack of time in the courses is a problem.
The mathematical courses usually anticipate other special classes, therefore the applications
should not require any special knowledge. Solved problems and data given in examples can be
simplified in comparison with real values – it is important to show possibilities of applications
rather than to obtain an accurate result. On the other hand, it is interesting to include some
real problems if possible.

This article provides several applications of the matrices used in economics.

2 Applications

2.1 Markov Chains, Eigenvector

Formulation of the problem. Suppose a market research monitoring a group of 300 people,
200 of them use a product A and 100 use a product B. In any month 80 % of product A users
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continue to use it and 20 % switch to the product B and 90 % of product B users continue to
use it and 10 % switch to the product A. The percentages of users loyal to the original product
are assumed to be constant in next months – it means the probability of changing from one
product to the other is always the same. That is a simple example of so called Markov chains.

Following this research we determine, how many people will be using each product one resp.
two resp. k month later, and estimate the state in the long run.

Solution. The number of product A users after one month is given by the following formula

0, 8 · 200 + 0, 1 · 100 = 170,

since 80 % of 200 A users (that is 0, 8 · 200) stay with A and in addition 10 % of 100 B users
(that is 0, 1 · 100) convert to A.

Similarly, the number of product B users is given by the following formula

0, 2 · 200 + 0, 9 · 100 = 130.

We can rewrite these two formulas using the matrix (so called transition matrix)

T =

(
0, 8 0, 1
0, 2 0, 9

)

(an entry Tij represents the probability of moving from state corresponding to i to state corre-
sponding to j): (

0, 8 0, 1
0, 2 0, 9

)(
200
100

)
=

(
170
130

)
.

If we denote x0 = (200, 100)T (so called initial vector) and x1 = (170, 130)T , we can write

x1 = Tx0.

Numbers of each of A and B users after one month are given by the components of the
vector x1 (let us note that these components are not necessarily integers – they are only
approximations of numbers of people).

Similarly to computing numbers of users after one month we determine numbers of users
after two months (represented by the vector x2):

x2 = Tx1 =

(
0, 8 0, 1
0, 2 0, 9

)(
170
130

)
=

(
149
151

)

(we can also write x2 = Tx1 = T(Tx0) = T2x0).
It is obvious that numbers of A and B users after k months are determined by

xk = Txk−1 or xk = Tkx0

(an entry (T k)ij of this matrix Tk represents the probability of moving from state corresponding
to i to state corresponding to j in k transitions).
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It is possible to show (see [2]) that if the transition matrix is a matrix which has some power
positive then vectors xk (so called state vectors) converge for large k to a unique vector x (so
called steady state vector); when this vector is reached, it will not change by multiplying by T:

x = Tx

(it means that T has 1 as an eigenvalue and the steady state vector is one of eigenvectors
corresponding to this eigenvalue). Moreover, steady state vector does not depend on the choice
of the initial vector x0.

To determine numbers of A and B users after a long time we compute the steady state
vector x:

x = Tx ⇐⇒ Tx − x = o ⇐⇒ (T − I)x = o

(I is a unit matrix). Since

T − I =

( −0, 2 0, 1
0, 2 −0, 1

)
,

we obtain the following homogeneous linear system (represented by the augmented matrix):( −0, 2 0, 1 0
0, 2 −0, 1 0

)
∼ ( −0, 2 0, 1 0

) ∼ ( −2 1 0
)

the general solution of which is x = (t, 2t)T , t ∈ R. Since components of each of state vectors
represent numbers of A resp. B users, the sum of these components must be equal to the global
number of users; in our case components of the steady stage vector must satisfy

t + 2t = 300,

from which it follows that t = 100 and x = (100, 200)T .
After a long time, 100 people will be using the product A and 200 people will be using the

product B (and – as was said – this result does not depend on the initial distribution of A and
B users).

2.2 Eigenvector

Formulation of the problem. Suppose that three producers (denoted by P1, P2, P3) orga-
nized in a simple closed society produce three commodities c1, c2, c3. Each of these producers
sells and buys from each other, all their products are consumed by them and no other commodi-
ties enter the system (the closed model – see [1]). The proportions of the products consumed
by each of P1, P2, P3 are given in the Table 1:

c1 c2 c3

P1 0,7 0,4 0,5
P2 0,1 0,5 0,2
P3 0,2 0,1 0,3
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Table 1

For example, the first column lists that 70 % of the produced commodity c1 are consumed
by P1, 10 % by P2 and 20 % by P3. It is obvious, that the sum of elements in each column is
equal to 1.

We compute what proportions of producers’ incomes have to be to ensure that this society
survives.

Solution. If we denote x1, x2, x3 the incomes of the producers P1, P2, P3, then the amount
spent by P1 on c1, c2, c3 is 0, 7x1 + 0, 4x2 + 0, 5x3. The assumption that the consumption of
each producer equals his income leads to the equation 0, 7x1 + 0, 4x2 + 0, 5x3 = x1, similarly
for producers P2, P3. We obtain the system of linear equations

0, 7x1 + 0, 4x2 + 0, 5x3 = x1

0, 1x1 + 0, 5x2 + 0, 2x3 = x2

0, 2x1 + 0, 1x2 + 0, 3x3 = x3.

This system can be rewritten as the equation Ax = x, where

A =

⎛
⎝ 0, 7 0, 4 0, 5

0, 1 0, 5 0, 2
0, 2 0, 1 0, 3

⎞
⎠ and x = (x1, x2, x3)

T ,

(it means that A has 1 as an eigenvalue and x is an eigenvector corresponding to this eigen-
value). Moreover – since we assume the income to be nonnegative, the components xi must be
nonnegative, i.e. xi ≥ 0 for i = 1, 2, 3. We can rewrite the equation Ax = x into the equivalent
form:

Ax = x ⇐⇒ Ax − x = o ⇐⇒ (A − I)x = o.

That is a homogeneous linear system (for more comfortable computing we multiply each row
of the matrix A − I by 10) :

⎛
⎝ −0, 3 0, 4 0, 5 0

0, 1 −0, 5 0, 2 0
0, 2 0, 1 −0, 7 0

⎞
⎠ ∼

⎛
⎝ −3 4 5 0

1 −5 2 0
2 1 −7 0

⎞
⎠ ∼ · · · ∼

(
1 0 −3 0
0 1 −1 0

)
.

The general solution of the system is x = t(3, 1, 1)T , t ∈ R; according to the condition xi ≥ 0
we choose t ≥ 0. This result means, that to ensure that the society survives, the incomes of
the producers P1, P2, P3 have to be in proportions 3:1:1.

2.3 System of Linear Equations, Least Squares Approximation

Formulation of the problem. Average salaries in Czech Republic for the years 1990, 1995,
2000 and 2005 (in thousands of crowns) are given in the Table 2 (source: [3]). The values are
rounded in order to compute easily without calculator.
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thousands of crowns
1990 3
1995 8
2000 13
2005 18

Table 2

Based on these data we estimate the average salary in 2010.

Solution. We consider the time to be an independent variable and the salary a dependent
variable – we obtain a function of one variable. If we denote the year 1990 as 0, 1995 as 1, 2000
as 2 and 2005 as 3, then we have four points [0, 3], [1, 8], [2, 13], [3, 18] in plain. We are looking
for a function whose graph approximately goes through these points. If we draw the picture,
we can see that the points seem to lie on a straight line (Figure 1).

Figure 1

We will try to find a linear function so that coordinates of the given points satisfy the
equation of this function y = ax + b:

a · 0 + b = 3
a · 1 + b = 8
a · 2 + b = 13
a · 3 + b = 18.

We obtained the system of linear equations (represented by the augmented matrix)⎛
⎜⎜⎝

0 1 3
1 1 8
2 1 13
3 1 18

⎞
⎟⎟⎠ ∼ · · · ∼

(
1 1 8
0 1 3

)
.
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the solution of which is a = 5, b = 3. It is realy surprising that the linear system has a solution
– the given points lie exactly on a stright line1! The equation of this line is

y = 5x + 3.

To estimate the average salary in 2010 we substitute x = 4 (the value corresponding to the
year 2010 – the next to the value corresponding to the year 2005) into the equation y = 5x + 3
and obtain y = 23 (let us note that this value corresponds to the real value in this year).
Formulation of the problem. The ratios of households having computers (in percentage) are
given in the Table 3 (source: [4]). The values are rounded in order to compute easily without
calculator.

%
1990 3
1995 7
2000 21
2005 42

Table 3

We find the least squares approximating quadratic for these data, compute the norm of the
least squares error and estimate the ratio of households having computers in the year 2010.
Solution. As in the previous problem we denote the year 1990 as 0, 1995 as 1, 2000 as 2 and
2005 as 3. In this case it is obvious that the points [0, 3], [1, 7], [2, 21], [3, 42] do not lie on a
straight line (Figure 2).

Figure 2

We will try to find a parabola that gives the least squares approximation to the given points.
Substituting these points into the equation of a parabola y = ax2 +bx+c, we obtain the system

1In the next problem we will show how to proceed if given points are not laying on a stright line.
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of linear equations
a · 0 + b · 0 + c = 3
a · 1 + b · 1 + c = 7
a · 4 + b · 2 + c = 21
a · 9 + b · 3 + c = 42

represented by the augmented matrix⎛
⎜⎜⎝

0 0 1 3
1 1 1 7
4 2 1 21
9 3 1 42

⎞
⎟⎟⎠ ∼ · · · ∼

⎛
⎜⎜⎝

1 1 1 7
0 2 3 7
0 0 1 3
0 0 0 3

⎞
⎟⎟⎠ .

This system is inconsistent – the four given points do not lie on a parabola. To find a
parabola that fits the points as possible, we use the method called least squares approximation
(see [2]). The last squares solution of the system Ax = b (Am×n, x ∈ Rn, b ∈ Rm) is the
vector x̃ such that

||b − Ax̃|| ≤ ||b − Ax|| for all x ∈ Rn

and can be obtained as a solution of the equation (so called normal equation)

ATAx = ATb.

In our case we have

A =

⎛
⎜⎜⎝

0 0 1
1 1 1
4 2 1
9 3 1

⎞
⎟⎟⎠ , b =

⎛
⎜⎜⎝

3
7
21
42

⎞
⎟⎟⎠ , x =

⎛
⎝ a

b
c

⎞
⎠ .

We compute

ATA =

⎛
⎝ 0 1 4 9

0 1 2 3
1 1 1 1

⎞
⎠

⎛
⎜⎜⎝

0 0 1
1 1 1
4 2 1
9 3 1

⎞
⎟⎟⎠ =

⎛
⎝ 98 36 14

36 14 6
14 6 4

⎞
⎠

ATb =

⎛
⎝ 0 1 4 9

0 1 2 3
1 1 1 1

⎞
⎠

⎛
⎜⎜⎝

3
7
21
42

⎞
⎟⎟⎠ =

⎛
⎝ 469

175
73

⎞
⎠

and the normal equation takes the form⎛
⎝ 98 36 14

36 14 6
14 6 4

⎞
⎠

⎛
⎝ a

b
c

⎞
⎠ =

⎛
⎝ 469

175
73

⎞
⎠

that is the system of linear equations
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⎛
⎝ 98 36 14 469

36 14 6 175
14 6 4 73

⎞
⎠ .

The solution of this system is

a = 4, 25, b = 0, 35, c = 2, 85 otherwise x̃ = (4, 25, 0, 35, 2, 85)T

and the required equation of parabola is

y = 4, 25x2 + 0, 35x + 2, 85.

To obtain the least squares error

||e|| = ||b − Ax̃||

we compute the product Ax̃ at first:

Ax̃ =

⎛
⎜⎜⎝

0 0 1
1 1 1
4 2 1
9 3 1

⎞
⎟⎟⎠

⎛
⎝ a

b
c

⎞
⎠ =

⎛
⎜⎜⎝

2, 85
7, 45
20, 55
42, 15

⎞
⎟⎟⎠ .

Then

||e|| = ||b − Ax̃|| = ||(3, 7, 21, 42)T − (2, 85, 7, 45, 20, 55, 42, 15)T || =

= ||(0, 15, −0, 45, 0, 45, −0, 15)T || =
√

0, 0225 + 0, 2025 + 0, 2025 + 0, 0225 =
√

0, 45.

We estimate the ratio of households having computers in the year 2010 substituting x = 4
into the equation y = 4, 25x2 + 0, 35x + 2, 85: y = 72, 25 ∼= 72. Thus, using the data in the
table 3 the ratio of households having computers is supposed to be 72%.

3 Conclusions

It is not quite easy to find sufficiently simple applications, because the requirement of their
simplicity is rather limiting. To use the tools of linear algebra for solving some real problems
it is usually necessary to have deeper knowledge of linear algebra or other branches of science.

We provided a few examples motivated by tasks in economy. Their solutions illustrate the
power of linear algebra tools such as eigenvectors, matrix formalism, Markov chains, system of
linear equations, least squares approximation. These examples can be used in mathematical
courses or textbooks for high school or bachelor students at non-technical universities.
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